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Abstract
Exposure to time-varying magnetic ﬁelds causes shielding currents to ﬂow beneath the surface of a
superconductor up to a ﬁeld-dependent penetration depth. In trapped ﬁeld applications of bulk
superconductors, in which the decay of trapped ﬁeld due to external AC magnetic ﬁelds is caused by
current redistribution (and not by helating and temperature rise), this penetration depth determines
the degree of current redistribution in the superconductor and, in turn, the degree of decay of trapped
ﬁeld. In this study we propose and validate experimentally a model to explain the rate of decay of
trapped ﬁeld in a single grain bulk GdBa2Cu3O7−δ (GdBCO) superconductor exposed to an AC
magnetic ﬁeld in a crossed-ﬁeld conﬁguration. The model is based on calculating the time
dependence of the trapped ﬁeld using the Biot–Savart law and assuming that the time dependence of
the current density changes at the depth of penetration of the induced shielding currents. Inside the
superconductor, where the crossed-ﬁeld has not penetrated, the time dependence is assumed to be
logarithmic and the decay of current density due to ﬂux creep, whereas within the penetration depth
of the surface the time dependence is assumed to be exponential and the decay of current density due
to its redistribution. The penetration depth was measured separately using SQUID magnetometry and
used as an input parameter to the model. The model was compared subsequently with measurements
of the decay of trapped ﬁeld and found to be in excellent agreement with the observed behaviour.
Keywords: bulk superconductors, AC loss, crossed-ﬁeld decay, trapped ﬁeld magnet, ﬂux pinning
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Introduction
Flux creep, which is the random thermal activation of ﬂux
vortices from their pinning sites, is observed in the ﬂux line
lattice found in type-II superconductors and leads to a loga-
rithmic decay of current density over time [1]. The rate of this
decay can be approximated as
= -¶¶ » ( )S
J
t
k T
U
log
log
, 1B
0
where kB is the Boltzmann constant, T is the temperature and
U0 is the pinning potential in the absence of any current, J.
The rate of decay of the trapped magnetic ﬁeld is expected to
follow the same logarithmic time dependence as the current
density, provided that the current does not change its
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direction. This is not the case, however, in the presence of
external, time-varying magnetic ﬁelds that induce shielding
currents to ﬂow below the surface of the superconductor. This
can cause the current density within the superconductor to be
redistributed, leading, in turn, to decay of the trapped ﬁeld. As
an example, the trapped magnetic ﬁeld of a fully magnetized
bulk superconductor (i.e. a superconductor in which all
ﬂowing currents contribute constructively to the trapped
magnetic ﬁeld) will reduce, by deﬁnition, following any
redistribution of current. As a result, external time-varying
magnetic ﬁelds will lead to an accelerated rate of decay of
trapped ﬁeld.
Willemin et al [2] was the ﬁrst to observe a strong shift in
the irreversibility line in high-temperature superconductors
caused by external AC magnetic ﬁelds applied perpendicular
to the trapped magnetic ﬁeld. This observation has been
explained in terms of depinning of the ﬂux vortices by the AC
ﬁeld, allowing them to move freely under the inﬂuence of the
Lorentz force
= ´ ( )F J B, 2L
and escape the superconductor (B is the magnetic ﬁeld den-
sity). The observed rate of decay was exponential across
several orders of magnitude of trapped magnetic ﬁeld.
Brandt and Mikitik [3] proposed an explanation for this
behaviour for a thin-slab geometry, which was recently cor-
roborated experimentally by Campbell et al [4]. The authors
noted that the applied AC magnetic ﬁeld alternately unpins
parts of the ﬂux vortices, trapped either near the top or bottom
surfaces of the slab, enabling them to move in a stepwise
manner in the direction of the Lorentz force during each
completed half cycle of applied AC ﬁeld. The decay of
trapped ﬁeld was found to be exponential over time in a fully
penetrated superconducting slab.
Fagnard et al [5] investigated the decay of trapped ﬁeld
inside a bulk superconductor subjected to AC magnetic ﬁelds
applied perpendicular to the direction of magnetization. They
noted that, in such a conﬁguration, shielding currents are
induced from the top and bottom surfaces of the bulk sample
up to a ﬁeld-dependent penetration depth (see ﬁgure 1(b)).
The decay of trapped ﬁeld was investigated using the Biot–
Savart law, assuming an initial full magnetization with a
constant current density in the azimuthal direction ﬂowing
everywhere in the bulk superconductor, and subsequent
reduction of the current density to zero in the region within
the penetration depth of the surface. An upper bound to the
decay, caused by the redistribution of shielding currents, is
consequently established, although no explanation for the
time dependence of current density has been given.
Bulk superconductors are technologically important
materials due to their ability to trap high magnetic ﬁelds
[6, 7]. The multitude of potential applications ranges from
superconducting magnetic bearings, magnetic lenses, magn-
etic levitation, magnetic resonance imaging devices and drug
delivery systems, to trapped ﬁeld magnets in rotating
machines, and possibly enabling technology for hybrid-elec-
tric passenger aircraft [8–14]. To date, the two main chal-
lenges to overcome before bulk superconductors can be
applied widely are a practical means of magnetization (pulsed
ﬁeld magnetization shows great promise in that respect
[15, 16]) and a way of mitigating trapped ﬁeld decay (an
ongoing ﬁeld of research, both in the crossed-ﬁeld [4, 17, 18]
and in the parallel ﬁeld conﬁguration [19, 20]).
In this paper we present an analytical model in which the
complete time dependence of trapped ﬁeld of a bulk super-
conductor in the crossed-ﬁeld conﬁguration can be predicted
accurately by virtue of knowing the critical current density of
the superconductor and the sample geometry. The model
combines the logarithmic and exponential time dependence of
trapped ﬁeld, which are characteristic of ﬂux creep and
crossed-ﬁeld decay, respectively. This is achieved by
assuming that the AC magnetic ﬁeld causes the value of
magnetization, averaged over a period of AC ﬁeld, to
approach zero exponentially in the penetrated region, and
continuing logarithmic decay due to ﬂux creep elsewhere.
The time dependence of the trapped ﬁeld is then calculated
using the Biot–Savart law and compared to the results of
experiment. Conversely, if the penetration depth is used as a
ﬁtting parameter, the model can be used to determine its value
from measurements of trapped ﬁeld decay.
Figure 1. (a) Schematic illustration of the cross-section of a fully magnetised cylindrical bulk superconductor, in which the currents ﬂow in
the azimuthal direction. (b) The cross-section of a bulk superconductor after several cycles of AC magnetic ﬁeld application (the orientation
of the AC ﬁeld is parallel the a-direction). The grey areas represent the penetration of shielding currents due to the AC magnetic ﬁeld. The
shielding currents are induced parallel or antiparallel to the b-direction during each half cycle of AC ﬁeld. (c) Plan view of the penetration of
shielding currents. Here, the currents ﬂow in the c-direction, which means the penetration depth is larger than in (b) due to the lower critical
current density in the c-direction.
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Initially we present and outline the details of the analy-
tical model and derive the time dependence of trapped ﬁeld.
We then derive a relation between the magnetization of a
superconductor and the circulating currents for the case of an
anisotropic critical current density distribution, which can be
used to determine the anisotropy in critical current from
magnetometry measurements. This is necessary information
to determine the penetration of shielding currents in all
directions in the sample. The experimental results of the AC
decay measurements are presented and are shown to be in
excellent agreement with predictions of the analytical model.
Finally, the predictions of the analytical model are compared
to those of a ﬁnite element model, which enables visualization
of the shape of shielding regions in the superconductor and
justiﬁes the geometrical assumptions in the following section.
Analytical model
The model is based on calculating the trapped ﬁeld on the
surface of the bulk superconductor from the current density
distribution ( )J r inside the material using the Biot–Savart law
m
p=
¢ ´ - ¢
- ¢ ¢∭( )
( ) ( )
∣ ∣
( )r J r r r
r r
rB d
4
. 30
3
3
A distinct time dependence of the current density is assumed,
depending on whether the current is ﬂowing within the
penetration depth of the AC magnetic ﬁeld.
A schematic cross-section of the superconductor is
shown in ﬁgure 1.
Figure 1(a) shows the cross-section of a fully magnetised
bulk superconductor, in which the current circulates in the
azimuthal direction. Assuming a constant current density, J ,C
throughout the bulk superconductor as described by the Bean
model [21], the induced magnetic ﬁeld at the centre of the top
surface can be written as [5, 22]
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where m0 is the permeability of free space, R and h are the
radius and height of the bulk, respectively, r is the radial and
z is the vertical coordinate. Here, it is convenient to deﬁne the
function
= + +( ) ( ) ( )f x x xln 1 , 52
which will be used in the following analysis for purposes of
clarity (equation (5) is equivalent to equation (2) in [22]). The
constant JC in equation (4) may be substituted by its time
dependence (for example, a logarithmic time dependence in
the case of ﬂux creep), which leads, in turn, to a time
dependence of trapped ﬁeld ( )B t .
Figure 1(b) shows the current density distribution within
the cross-section of the bulk superconductor after the
application of several cycles of AC magnetic ﬁeld in the
crossed-ﬁeld conﬁguration. The magnetic ﬁeld penetrates into
the bulk material from the top and bottom surfaces up to a
penetration depth, l, similarly to what is described in [5].
Figure 1(c) shows the schematic plan view of the penetration
of shielding currents in the c-direction, induced by the applied
AC magnetic ﬁeld. Here, the thickness of the shielding
regions is al, where a is the critical current anisotrophy, as
discussed below.
The AC magnetic ﬁeld divides the bulk superconductor
into three distinct regions along its height, each with a distinct
time dependence of current density, depending on whether the
current ﬂows within the penetration depth of the surface. In
region II, which is beyond the region penetrated by the AC
magnetic ﬁeld, the main mechanism of decay is via intrinsic
ﬂux creep, and the current density decays logarithmically with
time as follows;
= -⎛⎝⎜
⎞
⎠⎟ ( )J J k
t
t
1 ln , 6C
1
where JC is the Bean critical current density, k is the loga-
rithmic rate of decay, and t1 is the time at which the AC ﬁeld
is turned on, so that = =( )J t t J .C1
In regions I and III, as well as within the periphery of the
bulk superconductor (indicated by the shaded regions in
ﬁgures 1(b) and (c)), the AC magnetic ﬁeld acts to unpin the
ﬂux vortices, leading therefore to a redistribution of current
density as the main mechanism of decay. The time depend-
ence of current density is exponential,
t= -
-⎜ ⎟⎛⎝
⎞
⎠ ( )J J
t t
exp , 7C
1
where t is a characteristic time constant of decay. More
accurately, it is not the current density J, that decays expo-
nentially with time, instead it is the absolute value of the cross
product ¢ ´ - ¢( ) ( )J r r r (equation (3)), averaged over one
period of AC ﬁeld and integrated over the volume of the
shielding region. This equivalence can be made since we are
interested ultimately in the contribution of ¢( )J r to the trapped
ﬁeld ( )B r . In addition, the choice of equation (7), although
justiﬁed experimentally, is simply an approximation, and no
derivation of this is presented here.
For simplicity of calculation, we assume that regions I
and III are cylinders of radius R and heightl (both axes in the
plane of the page). Between them lies region II, which is
again cylindrical and of radius al-R and height l-h 2 ,
but enveloped with the region of shielding currents in the c-
direction of the same height, outer diameter R and thickness
al. The factor a is introduced because the penetration depth
of shielding currents in the c-direction differs from that of the
currents in the ab-plane due to the different value of critical
current density that results from anisotropy of the bulk
superconductor. Here, a value of a = 3 is assumed, which
was corroborated by direct measurements of the anisotropy in
critical current described below (at self-ﬁeld the critical cur-
rent anisotropy was found to be =/J J 3,Cab Cc which is con-
sistent with previous studies [5]).
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The time dependence of the trapped ﬁeld can be obtained
by substituting equations (6) and (7) into equation (3) and
integrating to give
The terms in square brackets are constant for a given bulk
geometry and penetration depth, which makes equation (8)
simply a weighted sum of an exponential and logarithmic
function. The shape of the time dependence (compared to that
of ﬂux creep) is shown in ﬁgure 2.
The parameter t, which is a time constant, determines the
initial rate of decay of trapped ﬁeld due to the exponential
decay of current density in regions I and III. The parameter k
determines the rate of decay ¶ ¶/J tln ln at a time tt and
is related to the pinning potential of the superconductor;
in the case of ﬂux creep = = /k S k T U .B 0 The parameter l is
the penetration depth of the shielding currents and determines
the total decay of trapped ﬁeld, lD ( )/B B ,0 beyond that
due to ﬂux creep (see ﬁgure 2). The parameters k, t and l
may all depend on the amplitude and frequency of the applied
magnetic ﬁeld, as well as on the operating temperature of the
superconductor. Here, we assume isothermal conditions, i.e.
the temperature rise due to the heat generated by the move-
ment of ﬂux vortices is negligible. All three parameters
represent measurable quantities and can be, if known, used as
inputs to the model. Conversely, they can be used as ﬁtting
parameters and compared to their measured values in order to
establish the validity of the model.
The decay lD( )/B0 depends on the geometry of the bulk
superconductor (i.e. the aspect ratio of the single grain,
h = /R h), as shown in ﬁgure 3(a). The decay is calculated
from the ratio between the ﬁeld induced by the current in
region II, shown in ﬁgures 1(b) (i.e. the second term in square
brackets of equation (8), without the time dependence factor),
and the induced ﬁeld of a fully magnetised bulk super-
conductor, in equation (4). This can be used as an estimate of
the decay of trapped ﬁeld following the initial redistribution
of circulating current, after which equilibrium is reached.
The decay for all values of h is equal to zero whenl = 0
and is complete when the shielding currents penetrate to the
centre of the bulk superconductor. The shielding currents for
a value of h = 1.5 reach the centre simultaneously from the
top and bottom surfaces and from the outside edge (the value
of 1.5 is due to the value of the critical current anisotropy of
3). For the cases in which h > 1.5 the decay becomes com-
plete when l = /h 2, whereas when h < 1.5 the decay is
complete when l = /R 3.
The effect of the aspect ratio, h, on decay is related
directly to the evaluation of the trapped ﬁeld at the top surface
of the bulk superconductor. The current redistribution for
bulk samples with a small value of h ( )h R displaces the
active volume, contributing to the trapped ﬁeld, away from
the top surface (the active volume is region II in ﬁgure 1(b)).
Since most of the currents ﬂow close to the geometrical axis
of the bulk superconductor, the distance between the active
area and the top surface will be approximately l. Conversely,
in bulk materials with a large value of h ( )R h , the current
can ﬂow at a large radius, lR , which will increase to a
distance l + »R R2 2 from the centre of the top surface
following the current redistribution. As a result, the decay of
trapped ﬁeld will be larger for bulk superconductors with a
lower value of h and will approach l/h2 as h  ¥.
This result can be compared with the optimal value of
aspect ratio, h, at which the trapped ﬁeld on the surface of the
bulk superconductor is highest. Rewriting equation (4) in
terms of h, the trapped ﬁeld on the top surface of a fully
magnetised bulk becomes
m h
h=
( ) ( )B J R f
2
, 9C0
where the factor h h( )/f is unity for h = 0 and decreases
with increasing h [22]. This seemingly favours a very dif-
ferent aspect ratio to that described above, as h  ¥ leads to
the lowest rate of decay due to the presence of crossed-ﬁelds.
Figure 2. Graphical representation of equation (8) in a logarithmic
plot (abscissa axis). The initial rate of decay is determined by the
relaxation time t, which is assigned to be 50 s in this representation.
The rate of decay after several t is determined by k, which is
assumed to be 0.05. The total amount of decay due to current
redistribution is determined by l.
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However, while increasing the bulk sample height for a given
radius and a given penetration depth leads to a lower aspect
ratio h, it also leads to a lower ratio l/h, and therefore to a
lower decay overall (decreasing l/h is equivalent to moving
to the left in the graph in ﬁgure 3(a), in which direction the
decay decreases). Therefore, for a given radius and penetra-
tion depth, increasing the height of the bulk sample indeed
leads to a larger initial trapped ﬁeld and to a lower rate of
decay due to the redistribution of current. The latter effect is
shown in ﬁgure 3(b).
Fitting equation (8) to measurements of the decay of
trapped ﬁeld in the crossed-ﬁeld conﬁguration provides
insight into the relationship between the parameters t, l and
k, and the amplitude and frequency of the applied AC
magnetic ﬁeld. As an example, after a long time t( )t of
the application of AC ﬁeld to the bulk superconductor, the
decay in trapped ﬁeld beyond that associated with ﬂux creep
is determined solely by the penetration depth l of the
magnetic ﬁeld (provided that the rate of decay k is the same
for ﬂux creep and decay due to the crossed-ﬁeld). Indepen-
dent measurements of l could, therefore, serve as a predictor
of the decay of trapped ﬁeld at longer times.
Measurement of critical current anisotropy with
magnetometry techniques
The external magnetic ﬁeld is applied typically in the crys-
tallographic c-direction of the bulk superconductor in ﬁeld-
cooled experiments of GdBCO, so that the shielding currents
are induced in the ab-plane, in which the critical current
density is highest [23], leading to the highest trapped ﬁeld. In
such cases it is sufﬁcient to know the ( )J BC dependence in the
ab-plane to calculate the penetration depth, the penetration
ﬁeld and the achievable peak trapped ﬁeld.
In the crossed-ﬁeld conﬁguration, however, the orienta-
tion of the external AC magnetic ﬁeld is applied perpend-
icular to the trapped ﬁeld and parallel to the ab-planes. In this
case, the shielding currents are induced both in the ab-plane
and in the c-direction in order to complete the current loops.
This means that, when analyzing the crossed-ﬁeld conﬁg-
uration, the current density in the c-direction must be known
in order to predict the penetration of shielding currents in all
directions. Here, we present a convenient way of deducing
the critical current anisotropy from measured ( )M B loops
where the direction of magnetic ﬁeld is perpendicular to the
c-direction.
Magnetometry is a common technique used to measure
the ( )J BC characteristic indirectly [24]. This involves calcu-
lating ( )J BC from the measured ( )M B loop of a given sample
using the following equation [25]
= D
-⎜ ⎟⎛⎝
⎞
⎠
( ) ( ) ( )J B M B
a
a
b
1
3
, 10C
where D = -- +( ) ( ) ( )M B M B M B is the difference between
the magnetization during ramp down and ramp up of the
external magnetic ﬁeld, B, respectively, and a2 and b2
<( )a b are the dimensions of the sample cross-section.
Equation (10) assumes a constant, isotropic JC and full ﬁeld
penetration of the bulk superconductor.
To derive a more general formula for the case of an
anisotropic J ,C we follow a procedure outlined in [26] to
obtain the relation between the magnetization of a sample and
the circulating currents within. The basis of the calculation is
illustrated schematically in ﬁgure 4.
The sample dimension is assumed to be inﬁnite in the
z-direction, with a cross-section of ´b c2 2 in the xy-plane.
The critical current density in the x-direction is JB and JC in
the y-direction. Assuming full ﬁeld penetration, the current
distribution falls into four regions across the sample cross-
section, in each of which the current has a different direction.
In the isotropic case of =J JB C and with =b c, these four
regions are described by identical isosceles triangles, rotated
by an angle q = 45 around the centre of the cross-section. If
¹b c, however, two of the triangles are extended into iso-
sceles trapezoids with the same angle q. Finally, by introdu-
cing the anisotropy ¹J J ,B C q must change in accordance
with the condition  =· J 0 (i.e. no current sources within
the sample). From ﬁgure 4(a), this means q=J b J b tan ,C B
leading to
q = ( )J
J
tan . 11C
B
Figure 3. (a) The dependence of the decay of trapped ﬁeld due to
current redistribution on penetration depth l for different values of
the bulk superconductor aspect ratio h = /R h. (b) The decay of
trapped ﬁeld as a function of aspect ratio for different values of
penetration depth.
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The local magnetisation can then be calculated from the
current distribution via  ´ =M J, with the added con-
straint of =M 0 at the boundary. The total magnetisation can
be calculated subsequently as the average of the local
magnetisation across the entire sample cross-section. Only the
region > >( )x y0, 0 has to be considered in the calculation
due to the symmetry of the arrangement (illustrated in
ﬁgure 5).
The local magnetisation in the z-direction can be deter-
mined from the current distribution ˆJ eC y in region I and- ˆJ eB x
in region II (where eˆx and eˆy are the unit vectors in the x- and
y-direction, respectively) as
= -
= -
( ) ( )
( ) ( )
( )M x J b x
M y J c y
, region I,
, region II.
12
I
C
II
B
The boundary separating regions I and II is a straight line
= - +( ) ( ) ( )/y x J J x b c. 13C B
The total magnetisation can then be expressed as an
average value
ò= ¢ ¢ ¢ + ¢ ¢ ¢( ( ) ( ) ) ( )M bc M x y dx M y x dy1 . 14I II I II,
Substituting equation (12) and q¢ ¢ = =/ /dy dx J Jtan C B
into equation (14) yields a one-dimensional integral. The
result can then be expressed as
D =
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which reduces to equation (75b) in [25] for the case of
=J JB C (to calculate the case </ /J J b cB C one can simply
substitute «b c and «J JB C). ( )J BC can then be extracted
from ( )M B measurements by inverting the ﬁeld dependence
of current density in equation (15), as follows
=
- - D >
- D <
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B B B B C
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2
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1
It is not possible to deduce the ( )J BC characteristic from
( )M B loop measurements without knowing the ( )J BB char-
acteristic beforehand (and vice versa), since the magnetization
depends on both JB and J .C However, the second term in the
brackets in equation (15) depends on the ratio /b c of the
Figure 4. The distribution of current density in the bc-plane when the current density distribution is anisotropic. In (a) >/ /J J b cB C and in
(b) </ /J J b c.B C
Figure 5. Illustration of the schematic of integration. The surface
element is ¢ ¢ + ¢ ¢x dy y dx (the area of the ‘L’-shaped region) and the
integration limits are ¢ =x 0 and ¢ =x b.
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dimensions of the sample cross-section, so, if the sample
shape is chosen so that c b (and assuming »J JB C),
equation (16) reduces to
D = ( )M J b, 17C
which is the expression for the magnetization of an inﬁnite
slab, carrying a current J .C As a result, equation (17) can be
used to obtain the critical current density from magnetization
loop measurements with a relative error of ~ /b c3 .
It should be pointed out that it is not possible to use the
( )J BB characteristic, measured in the isotropic case, to cal-
culate ( )J BC using equation (16). Although the current JB
ﬂows in the ab-planes both in the isotropic and the anisotropic
case, the underlying microscopic picture is quite different. In
the isotropic case the ﬂux vortices are pinned perpendicular to
the ab-planes, while in the anisotropic case they are pinned
within the ab-planes. This leads to fundamentally different
behaviour, and most notably in the different values of the
irreversibility ﬁeld, which increase greatly when the vortices
are pinned within the ab-planes (see the results section,
below).
Experimental
A GdBa2Cu3O7−δ bulk superconductor of diameter 30 mm
and thickness 6 mm with added silver (10 wt%) fabricated by
the top-seeded melt growth technique (TSMG) [27, 28] was
used in this study. This was produced by cutting in half an as-
grown sample of dimensions 30 mm in diameter and 12 mm
thickness along the ab-plane. The top half was used for the
measurements of AC decay and the bottom half for the
characterization of the ( )J BC dependence using SQUID
magnetometry.
The bulk superconductor was ﬁeld cooled in a liquid
nitrogen bath in 1.5 T generated by an electromagnet with a
magnetic ﬁeld ramp-down rate of -0.015 T s .1 The trapped
ﬁeld was allowed to undergo ﬂux creep for a period of 900 s
following magnetization, after which the trapped ﬁeld at the
centre of the bulk sample was observed to be 0.9 T with a
conical proﬁle, indicating full magnetisation. Subsequently,
the bulk superconductor was inserted into the bore of a
solenoid coil, which itself was submerged in liquid nitrogen,
and exposed to several thousand cycles of AC magnetic ﬁeld.
The solenoid was connected to an AC current source with a
Figure 6. Measurement of trapped ﬁeld during the application of an external AC magnetic ﬁeld of various amplitudes at frequencies of
(a) 8 Hz and (b) 16 Hz. The black lines represent the results of the analytical model with the ﬁtting parameters listed in table 1.
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maximum current of 40 A to generate the magnetic ﬁeld, with
a maximum amplitude of 250 mT. The trapped ﬁeld of the
bulk superconductor was measured using a calibrated Hall
sensor mounted on the centre of its top surface.
The temperature of the bulk superconductor during the
application of the AC magnetic ﬁeld was monitored using a
Cernox® temperature sensor, also mounted on the top surface
of the sample (but several millimetres from the centre) with
Apiezon N cryogenic vacuum grease. The bulk was placed
into the bore of the solenoid coil in a non-magnetised state
and exposed to 60 s of applied AC magnetic ﬁeld, at which
point the temperature was found to stabilize for all AC
magnetic ﬁeld amplitudes and frequencies.
Two cuboid samples were cut out of the bottom half
of the as-grown sample for magnetometry measurements.
The ﬁrst, of dimensions =a 2.85 mm, =b 2.75 mm and
=c 5.65 mm, was placed into the SQUID magnetometer
with the external magnetic ﬁeld applied along the sample
c-direction. The ( )M B loop was then measured in an applied
external magnetic ﬁeld of up to =B 5 T, from which the
( )J BC characteristic was deduced using equation (10) (i.e. for
the value of JC in the ab-plane).
The second sample had dimensions =a 4.7 mm,
=b 1.18 mm and =c 5.6 mm, and was placed into the
SQUID magnetometer with the external magnetic ﬁeld
applied along the a-direction. The measured ( )M B loop was
used to deduce the ( )J BC characteristic in the c-direction
using equation (17). The error in the estimate of J ,C given by
the ratio of the dimensions of the sample cross-section,
was =/b c3 7%.
Numerical modelling framework
Finite element modelling was performed using the commer-
cial software package Comsol Multiphysics 5.3a, and based
on the H-formulation for 2D, inﬁnitely long slab geometry
[29]. Ampere’s and Faraday’s laws are solved in this
framework in conjunction with a constitutive relation between
the electric ﬁeld, E, and the current density, J. Here,
the power law = ( )/E E J JC N0 was assumed, where
m= -E 1 V cm ,0 1 =N 20 and = ´ -J 2.6 10 A m .C 8 2 The
critical current density was assumed to be constant and its
value was chosen so that the simulated trapped ﬁeld was
consistent with the experimental data. The temperature was
assumed to be constant at 77 K, so no thermal model was
employed. The slab geometry was set to be 30 mm wide and
6 mm thick in order to match the dimensions of the bulk
superconductor characterised experimentally.
Results
Two sets of measurements of trapped ﬁeld decay at two dif-
ferent frequencies and various amplitudes of applied AC
magnetic ﬁeld are shown in ﬁgure 6. Also shown (black lines)
is the ﬁtted analytical model, with all the values for
the respective parameters t, l and k listed in table 1. The
temperature rise was at most 0.2 K for all the applied AC
magnetic ﬁeld amplitudes and frequencies, validating the
isothermal assumption in the derivation of the model.
The trapped ﬁeld of the bulk superconductor decays
signiﬁcantly in the ﬁrst ~1000 s after the start of AC ﬁeld
Figure 7. Values of the ﬁtting parameter t (a) and k (b).
Table 1. The values of ﬁtting parameters t, k and l for the analytical
model (the black curves in ﬁgure 6).
8 Hz 16 Hz
Amplitude t ( )s k l ( )mm t ( )s k l ( )mm
25 mT 372 0.036 0.042 266 0.040 0.043
50 mT 252 0.042 0.114 181 0.048 0.098
75 mT 175 0.050 0.216 136 0.055 0.198
100 mT 125 0.051 0.350 96 0.057 0.324
125 mT 84 0.055 0.455 61 0.060 0.447
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application in all cases, after which the rate of decay
decreases markedly and approaches that of ﬂux creep. This
behaviour, with two distinct regions of greatly differing decay
rate, is characteristic of crossed-ﬁeld decay and has been
observed previously [5]. The crossover time between the two
regions is determined primarily by the parameter t, which is
illustrated graphically in ﬁgure 7(a).
The decay rate of trapped ﬁeld normalised to the period
of the AC ﬁeld should be independent of frequency within the
framework of the Bean model. This implies that, at a given
amplitude of AC magnetic ﬁeld, the value of t at 8 Hz should
be twice the value of t at 16 Hz. The relative variation of t,
extracted from our decay measurements, is ∼1.3–1.4 times
for all amplitudes of AC ﬁeld (see table 1). Given that the
analytical model assumes a number of simpliﬁcations, this
result is not too far from the value, predicted by Bean’s cri-
tical state model. A possible explanation for the slight dis-
crepancy (here purely speculative) could be due to the AC
magnetic ﬁeld causing the value of magnetisation, averaged
over a period of AC ﬁeld and over the volume of penetration,
to behave effectively as if it were in the reversible regime.
Then, the movement of ﬂux vortices is determined by the
Lorentz force (in the absence of ﬂux pinning the current
density is proportional to the electric ﬁeld [30], leading to
exponential decay). However, some frequency dependence
remains since not all the ﬂux vortices necessarily enter the
reversible regime (since the pinning force is distributed over a
range of values and some vortices may be pinned in place
more strongly than others [31]).
The dependence of the parameter k on the AC magnetic
ﬁeld amplitude is shown in ﬁgure 7(b). The value of this
parameter determines the rate of decay in the steady state, and
when the shielding currents have all been redistributed and
the main mechanism of decay is ﬂux creep. It is shown that
the value of k increases with amplitude at both frequencies.
Although the nature of logarithmic decay is such that the rate
of decay is inversely proportional to the time elapsed (sug-
gesting a convergence of the rate of decay to that of ﬂux
creep), the value of k may still differ for different values of
the AC magnetic ﬁeld amplitude. This may be explained by
the local penetration of the AC magnetic ﬁeld, which causes a
reduction in the critical current density proportional to the
amplitude. In turn, the superconductor can no longer support
the established trapped ﬁeld proﬁle in the periphery. As a
result, an AC magnetic ﬁeld of a greater amplitude will lead
to a greater rate of decay of trapped ﬁeld.
It is possible that the model overestimates the values of k,
as evidenced by the slight discrepancy of the rate of decay
between the model and experiment for times tt . This is
simply due to the analytical least-square ﬁt being optimised to
minimise the difference between the analytical solution and
the data, rather than between their respective derivatives. The
optimal way of mitigating this possible error would be to
measure the values of k in a separate experiment and use these
as inputs to the analytical model. However, this is beyond the
scope of the present work.
The critical current characteristic of the sample was
measured indirectly by magnetometry to compare the values
of penetration depth predicted by the analytical model and
measured values, with the result shown in ﬁgure 8. The cri-
tical current density was measured in a magnetic ﬁeld of up to
6 T, although the analysis presented here can be limited to
ﬁelds up to 1 T, since neither the trapped ﬁeld, nor the AC
magnetic ﬁeld amplitude exceed this value. The critical cur-
rent density in the interval ( )0, 1 T , was ﬁtted with an
exponential function, which was used subsequently to cal-
culate the penetration depth using the modiﬁed Bean model.
The following ﬁtting function was used for the ( )J BC
data;
= + -⎛⎝⎜
⎞
⎠⎟( ) ( )J B J J
B
B
exp , 18C 1 2
1
where the parameters for the critical current density in the
ab-plane are = ´J 1.65 10 A m ,1 8 2 = ´J 1.46 10 A m ,2 8 2
=B 0.32 T1 and for the critical current in the c-direction are
= ´J 0.27 10 A m ,1 8 2 = ´J 0.70 10 A m ,2 8 2 =B 0.19 T.1
The exponential functions are represented as black curves in
ﬁgure 8 up to a value of magnetic ﬁeld of1 T. The penetration
depth can be calculated by substituting equation (18) into
Ampere’s law, m ´ = ( )B J B ,C0 and integrating from 0 to
the amplitude of the external magnetic ﬁeld, B .0 Solving for
B gives the ﬁeld proﬁle inside the bulk superconductor,
Figure 8. The measured critical current density in the ab-plane (blue)
and in the c-direction (red). The black lines represent ﬁts of an
exponential function, used to calculate the penetration depth.
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where z is the distance measured inwards from the surface of
the superconductor. The penetration depth can then be
obtained from equation (19) by substituting =( )B z 0 and
solving for z, giving
l m=
- +
+ -
⎛
⎝
⎜⎜⎜⎜ ⎛⎝⎜
⎞
⎠⎟
⎞
⎠
⎟⎟⎟⎟
·
·
( )
B B
J J
J J
B
B
J
log
exp
, 20
0 1
1 2
1 2
0
1
0 1
which reduces to the Bean penetration depth for a constant J ,C
m/B J ,C0 0 by substituting =J JC1 and =J 0.2 This result can
be compared with the values of l, obtained by ﬁtting the
analytical model to experimental data, as shown in ﬁgure 9.
The values of penetration depth, obtained by ﬁtting the
analytical model to the data, appear to be in good agreement
with the values calculated from the measured ( )J BC depend-
ence. Additionally, the choice in the value of the anisotropy
factor of the critical current is justiﬁed, since the values of l3
coincide with the penetration depth of shielding currents in
the c-direction.
The penetration depth depends weakly on frequency at
all amplitudes of AC magnetic ﬁeld. However, the penetration
depth appears lower at the higher frequency of 16 Hz than it
does at 8 Hz, which is not accounted for by the analytical
model given that the data in ﬁgure 9 represent the quasy-static
limit w  0 (Bean model). It has been noted previously that
the penetration depth does depend on frequency [19, 32],
although the precise dependence is determined by the con-
stitutive relation between the electric ﬁeld and current density,
which may be difﬁcult to ascertain accurately (in the case of
Ohm’s law the proportionality is l wµ - /1 2).
The calculated values of penetration depth can be used as
an input to the analytical model, which enables the decay of
trapped ﬁeld over time to be predicted. To this end, the factor
lD ( )/B B0 can be calculated for the values of penetration
depth given by equation (20). This yields the ratio of circu-
lating currents before and after the redistribution of current
due to application of the AC magnetic ﬁeld. This factor can
then be multiplied by the trapped ﬁeld at a given time in the
case where no AC magnetic ﬁeld has been applied (in which
the trapped ﬁeld decay is due only to ﬂux creep). This predicts
the decay of trapped ﬁeld as a function of penetration depth,
which is compared with the results of experiment in ﬁgure 10.
The predicted value of ﬁeld decay appears to be in rea-
sonable agreement with experiment, given that the margin of
error in determining the rate of decay is less than 10%. The
discrepancy arises because the analytical model overestimates
slightly the value of penetration depth relative to the values
given by the measured ( )J BC characteristic (see ﬁgure 9). This
disagreement can be explained within the context of the
analytical model being mathematically ideal with well-
deﬁned regions of shielding current, which is only an
approximation of the real behavior. In reality, the initial state
of a fully magnetised superconductor may have regions with
current lower than JC (or ﬂowing in a different direction than
that assumed) and, additionally, the geometries of the regions
Figure 9. The values of penetration depth, obtained by ﬁtting the analytical model to the experimental data (symbols), compared with the
values calculated from the measured ( )J BC dependence (lines). The values of l3 are compared to the penetration depth of shielding currents
in the c-direction assuming a critical current anisotropy value a = 3.
Figure 10. The predicted value of decay of trapped ﬁeld (black line),
compared to the experimental data. The data are taken 6300 s after
the start of the application of AC magnetic ﬁeld.
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of induced shielding will not be perfect cylinders and rings as
assumed by the model. Additionally, the critical current
density was measured from a specimen of the parent bulk
superconductor cut from the bottom half of the as-grown,
single grain sample. The measured data may not correspond
to the true value of critical current density since this parameter
is not necessarily constant throughout the volume of the
sample (typically, its value decreases with increasing distance
from the seed crystal).
However, the analytical model describes the experiment
remarkably well despite the simpliﬁcations described above.
This is true both in reproducing the time dependence of
trapped ﬁeld and extracting the values of penetration depth
from the theoretical ﬁt to the data, as well as in predicting the
decay of trapped ﬁeld based on the speciﬁc values of pene-
tration depth used as inputs to the model.
Finite element modelling results
The geometry of the bulk superconductor modelled in this
investigation is shown in the inset of ﬁgure 11. The dimen-
sions of the superconducting slab were 30 mm in width by
6 mm in thickness, to match the cross-section of the measured
bulk. The slab was magnetised initially in a zero ﬁeld cooled
process with the magnetic ﬁeld applied in the y-direction. The
magnetic ﬁeld was ramped from 0 to 3 T over 150 s and
subsequently ramped back to 0 at the same rate with the
sample at 77 K. The superconductor was allowed to undergo
ﬂux creep for a period of 900 s, after which the external AC
magnetic ﬁeld was applied in the crossed-ﬁeld conﬁguration
(i.e. parallel to the x-axis) at a frequency of 8 Hz and varying
amplitude from 25 to 125 mT. The time dependence of
trapped ﬁeld, which was calculated 0.5 mm above the surface
of the superconducting slab, is shown in ﬁgure 11.
The simulated and measured results are in good quali-
tative agreement (as evident from a comparison with the
measured data in ﬁgure 6(a)), although there is some quan-
titative discrepancy between experiment and simulation. This
can be attributed to the simpliﬁcations in the numerical
model, such as the assumed 2D geometry, the ﬁeld-inde-
pendent and isotropic critical current density and an assumed
ideal E–J power law behaviour.
The distribution of current density across the cross-
section of the superconducting slab after ten applied cycles of
AC magnetic ﬁeld is shown in ﬁgure 12(a). The shielding
currents are induced mainly from the top and bottom surfaces
of the slab, which is consistent with the initial assumptions in
the derivation of the analytical model. In addition, some
shielding currents are induced from the side surfaces of the
slab, related to the ﬁnite geometry, that might account for
the overestimation of the penetration depth given by the ﬁt of
the analytical model to measured data. The distribution of
current density beyond the penetration depth of the shielding
currents appears not to be perturbed signiﬁcantly by the
application of the external AC magnetic ﬁeld, the direction
of which appears to remain unchanged, although its value
decreases due to ﬂux creep. This result corresponds to region
II in the derivation of the analytical model (ﬁgure 1(b)).
The distribution of current density along height of the
slab (the z-axis) is shown in ﬁgure 12(b). This data was taken
from the middle of the left-hand side of the slab (7.5 cm from
the centre) and shows clearly how the penetration depth of
shielding currents increases with amplitude of the AC
magnetic ﬁeld. The value of the penetration depth we deﬁne
as the location, at which the current changes sign (changes
direction). The values of the penetration depth, obtained thus
by FEM calculation are shown in ﬁgure 12(c) and compared
with the analytical model and the calculated values from the
critical current density. All three methods are in excellent
agreement.
Discussion
We have shown that the analytical model is able to reproduce
experimental data remarkably well for a multitude of different
values of applied AC magnetic ﬁeld amplitudes and fre-
quencies. One of the main initial assumptions in the deriva-
tion of the model was that the superconductor is maintained
under isothermal conditions, so that the critical current den-
sity, and, consequently, the penetration depth of shielding
currents, does not change. However, since the AC magnetic
ﬁeld causes heat generation per unit volume, = ·E JQ , due
to the dissipative movement of ﬂux vortices, isothermal
conditions may not be applicable for sufﬁciently large fre-
quencies and amplitudes of applied AC magnetic ﬁeld. It has
been shown elsewhere that an AC magnetic ﬁeld may gen-
erate sufﬁcient heat to increase the temperature of the
superconductor above the critical temperature ( )TC and lead to
the total collapse of trapped magnetization [33].
We argue that the model is still valid with only some
reconsideration of the initial assumptions in the advent of a
temperature rise in the superconductor. If the cooling power
of the cryogenic system is sufﬁcient to prevent the temper-
ature to rise above T ,C then eventually stationary conditions
will be reached and the temperature will stabilize. At that
Figure 11. Simulated decay of trapped ﬁeld for an AC ﬁeld
frequency of 8 Hz. Inset: the geometry of the superconductor
modelled in this study. The dimension of the superconducting slab is
assumed to be inﬁnite in the direction perpendicular to the surface of
the illustration (i.e. into the page).
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point the temperature will not change any further, in which
case isothermal conditions may, again, be assumed. The
derivation of the model may proceed as above, provided the
( )J BC characteristic at that temperature is known.
An estimate for how much the penetration depth changes,
given a temperature rise, DT , can be obtained by comparing
the heat generation per unit volume in the bulk, = ·E JQ ,
with the total heat that can be extracted from the
Figure 12. (a) The current density distribution in the superconducting slab after ten cycles of applied AC magnetic ﬁeld at 8 Hz and at
different amplitudes. (b) The current density distribution along the z-axis for all cases in (a). (c) The comparison of the penetration depth
values given by the calculation from Jc (as in ﬁgure 9), by the analytical model an by FEM calculation.
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superconductor by the cooling system,Q .OUT The temperature
rise can be written as
òD = -· ( )E JT dV Q
C
, 21
OUT
where C is the heat capacity of the superconductor. The
change of the penetration depth can then be estimated as
ò
l
l
D = - ¶¶ D = -
¶
¶
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⎛
⎝
⎞
⎠
J
T
C represents the change in critical current density
with temperature. The value of lD can serve subsequently as
an estimation of the error of the model, given a measured
value of DT . In equation (22) both the heat capacity, C, and
the thermal conductivity of the superconductor (which itself
determines QOUT ) are temperature dependent, and thus the
value of lD depends on both the AC magnetic ﬁeld ampl-
itude and frequency (which themselves determine the electric
ﬁeld, E), as well as the temperature of the superconductor.
The operating temperature of the superconductor in any
practical rotating machine application is likely to be lower
than 77 K, the frequency of the AC magnetic ﬁeld be higher
than 8 or 16 Hz and the trapped ﬁeld of the superconductor
higher than 0.9 T (the experimental parameters for the
experimental data in this study). As an example, in potential
aircraft applications the coolant of choice is likely to be liquid
hydrogen (in the temperature range 20–30 K) and the fre-
quency of external AC magnetic ﬁelds is likely to be in the
range of 400–500 Hz [14]. At the lower temperature of 20 K,
the heat capacity and the thermal conductivity of
GdBa2Cu3O7−δ are lower than at 77 K [34, 35]. Combined
with a higher frequency of the AC magnetic ﬁeld, this may
lead to a higher temperature rise than that observed here at
77 K However, the higher JC at the lower temperature will
lead subsequently to a smaller volume in which heat is gen-
erated. Therefore, a thorough examination of the parameter
space may be needed in which any potential application is
expected to operate. We emphasize, however, that the ana-
lytical model presented here is sufﬁciently general that it can
be modiﬁed easily to describe a different parameter space than
that analysed in this study.
Conclusion
We have presented and validated experimentally an analytical
model of trapped ﬁeld decay in bulk superconductors due to
an applied AC magnetic ﬁeld in the crossed-ﬁeld conﬁgura-
tion. We have shown that, by assuming two distinct
mechanisms of decay, current redistribution and ﬂux creep,
that the time dependence of trapped ﬁeld in a bulk super-
conductor can be predicted within the Biot–Savart law. The
body of the model consists of three ﬁtting parameters, t, l
and k, which can be used alternatively as input parameters in
order to predict the decay of trapped magnetic ﬁeld. We have
shown further that the critical current density determines
solely the amount of decay of trapped ﬁeld in the stationary
regime, in the absence of circulating current in the shielding
regions. This is extremely useful since the ( )J BC of a bulk
superconductor can be measured routinely, from which the
value of penetration depth can be determined and used as a
predictor of ﬁeld decay.
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